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A PGAS Framework Achieving Thread Migration
Unrestricted by the Address Space Size

KENTARO HARA,T' JUN NAakAsHIMAT!
and KENJIRO TAURAT!

In order to execute a parallel computation on the environment in which avail-
able resources can change dynamically, the scale of the parallel computation
should expand or shrink dynamically in response to the dynamic increase or
decrease of the available resources. It is, however, difficult to program most
large-scale parallel scientific computations so that they can scale up or down
dynamically. Therefore, this paper implements and evaluates a PGAS frame-
work named DMI, with which a programmer just has to create a sufficient num-
ber of threads because the framework transparently schedules these threads on
the available resources at the time. In particular, as an elemental technique
for DMI this paper discusses thread migration and proposes random-address, a

novel thread migration method that is not restricted by the address space size.
This paper also gives the proof of the optimality of this random-address method.
We confirmed that in DMI we can easily program parallel computations with
dynamic scale-up and scale-down by slightly modifying existing SPMD pro-
grams. Furthermore, our evaluation showed that DMI can effectively adapt
the parallelism of real-world scientific computations, such as a finite element
method, to the dynamic increase or decrease of resources.
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typedef struct arg_t {
... /x 0000000000 %/
Yarg_t;

void DMI_main(int argc, char **argv)
{
arg_t arg;
int rank, pnum;
int64_t sched_addr, arg_addr, handle [THREAD_MAX];

pnum = atoi(argv[1]); /* 00000 =/
DMI_mmap(&sched_addr, sizeof (DMI_scheduler_t), 1); /* 00 000000000000000000000000 =/
DMI_mmap (&arg_addr, sizeof(arg_t) * pnum, 1); /x DOO0O000000000000000000000 =%/
for(rank = 0; rank < pnum; rank++) {
arg = ...; /* 0000000000000 =/
DMI_write(arg_addr + rank * sizeof(arg_t), sizeof(arg_t), &arg, EXCLUSIVE); /+ 0000000000000 =/
}
DMI_scheduler_init(sched_addr); /* 000D 000O0DO0O00OO0O */
for(rank = 0; rank < pnum; rank++) { /* OO00O0O0OO0O */
DMI_scheduler_create(sched_addr, &handle[rank], arg_addr + rank * sizeof(arg_t));
¥
for(rank = 0; rank < pnum; rank++) { /* OO0O00O00O0O */
DMI_scheduler_join(sched_addr, handle[rank]);
}
DMI_scheduler_destroy(sched_addr); /* 0000000000000 */
DMI_munmap (sched_addr) ;
DMI_munmap (arg_addr) ;

}

int64_t DMI_thread(int64_t arg_addr) /* 00000000 */
{
arg_t arg;
int iter;
DMI_read(arg_addr, sizeof(arg_t), &arg, GET); /* 000000000000000OOO =/
for(iter = 0; iter < ITER_MAX; iter++) {
DMI_yield(); /+ 00000000 ODOO0DOO0ODOOO0OOOODOOOOO */
; /+ 00000000000 */

03 DMIOODDOOOOOOOOOOO
Fig.3 The outline of a DMI program.
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int printf(format, ...)
JO€ X {

( ZLw R ( ZLwRj | I |
[ vozsmm ||| vyzsmm |
[ zovomm ||| zsvomm |
[Rryroe—7mm]| |[RLy roE—TEE]

S5 /+ vt OOOOO0D formee 000TDD +

write(1, buf, strlen(buf));
T )
| A7 L RERRE | pthread_mutex_unlock(&mutex);

static char *buf;

pthread_mutex_lock(&mutex) ;
if (buf == NULL) {
buf = malloc(4096);

04 DMIOOOOOOOOOODOOOO

Fig.4 The model of address regions on DMI. 05 printfO 0DODOO

Fig.5 An example implementation of printf().
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static pthread_mutex_t mutex = PTHREAD_MUTEX_INITIALIZER;
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Fig.7 Patterns of how to use an address space. (A) Sequential use, (B) Discrete use
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Z; : Set of region

when thread ¢ is created:
Zi— 0 when thread ¢ munmaps region (p,size):
return munmap(p,size)
foreach (ptr,length) € Z; do

when thread ¢ mmaps size bytes: if ptr == p and p + size == ptr + length then
foreach (ptr,length) € Z; do Z; — Z;\{(ptr, length)}
p — fixed_mmap(ptr + length,size) else if ptr == p and p + size < ptr + length then
if p != MAP_FAILED then Z; — Z;\{(ptr, length)} U {(p + size, length — size)}
Z; — Zi\{(ptr, length)} else if ptr < p and p + size == ptr + length then

U{(ptr, length + size)}
reduction(Z;)

Z; — Z;\{(ptr, length)} U {(ptr, length — size)}
else if pir < p and p + size < ptr + length then

return Z; — Z;\{(ptr, length)} U {(ptr,p — ptr)}
endif U{(p + size, ptr + length — p — size)}
endfor endif
while 1 do return

addr «— rand(inf, sup)

p «— fixed_mmap(addr,size) when thread ¢ is destroyed:

if p != MAP_FAILED then foreach (ptr,length) € Z; do
Z; — Z; U{(p, size)} munmap(ptr,length)
reduction(Z;) endfor
return return
endif
endwhile
return

0 8 random-address 000 0000000000D000000000O0ODODO (ptr,length) 000000 ptr
00000 length DOOO0DOO0O0DOOINfD supDDDDDDDstacka threadheapf[lDDD
0000000000000 00000000000000000000000 fixed-mmap(addr,size) O
00MO000 addr 00 size 0000000000 mmap 000000000 MAP_FAILED O
00000000073 0000MMreduction(Z;) 000000 Z, 00000 200000000000
000o0o00o0o0o0o0oo0ooo0O0 10000000 ooooooooo

Fig.8 An algorithm for address space management of each process in random-address.
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Fig.9 How to modify shared library codes dynamically.
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DDDIibCDDDDDDDDDD4)DDDDDlibCJnmap(void *start,size_t length,
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0000000000000D0 [start,start + length) 000000000000 DOO
goobooobboobobboobbooobooobboooo

ooooooOooooOobMICOOO 100000000000 fixedmmap() OO0
O0Ooooooo1oo0o0ooD 8000 truemremap() DOOOOOOOOOOO start
goobo10bbo0 2000000000000 00D0O0O0DDbO0O0O0n startdO Qg
oo 2000000010000 b0o0obo200b000b0b00o0ooboooboOoooag s
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00: void* fixed_mmap(void *start, size_t length, int prot, int flags)
01: {

02: void *ptr;

03: int ret;

04: static pthread_mutex_t mutex = PTHREAD_MUTEX_INITIALIZER;

06: pthread_mutex_lock(&mutex); /+* OO0 */

07: errno = 0;

08: ptr = true_mremap(start, PAGESIZE, PAGESIZE * 2, 0); /+ start U0 1 0000020000000000000
0 =/

09:  if(ptr == MAP_FAILED && errno == EFAULT) {

10: ptr = true_mmap(start, PAGESIZE, prot, flags | MAP_FIXED, -1, 0); /* 000000 =/

11: assert(ptr != MAP_FAILED);

12: ptr = true_mremap(start, PAGESIZE, length, 0); /* start 000 1 000O0OOlength 00000000 DOODO
oo =/

13: if (ptr == MAP_FAILED) { /* 0OD0OOO */

14: ret = true_munmap(start, PAGESIZE); /+ OO OO x/

15: assert(ret == 0);

16: }

else if (ptr != MAP_FAILED) { /* UO0U0 mremap 0000000000 */
18: ret = true_munmap(start + PAGESIZE, PAGESIZE); /* OO0 x/

19: assert(ret == 0);

20: ptr = MAP_FAILED; /* fixed_mmap() OO0 x/

21: }

22: pthread_mutex_unlock (&mutex) ;

-
)
[}

23: return ptr;
24: }

0 10 fixedmmap() 0O0O0O00O0O0DOD
Fig. 10 An algorithm of fixed mmap().
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Fig.29 Logical relationships between propositions and lemmas. A — B indicates that B is derived
from A.
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(B) shift(Sx,2) (C) mirror(Sx,i1) (D) extend(Sx,i1,1)
0 d2-4 M4

i1(=2)"\)I0G="1) i0+2 i3+2 i0 i1+1 0
ds5
i1+2

0

[
0 i2+i0-i1 0 0
d3
i2+2 i2 i3 i2 i3

d2=d1,d3=d0 dO<d4<=d5<d1
030 000000 S, 000000000(A) Sz0(B) shift(Sz,s)0(C) mirror(Sy,iq)0 (D)
extend(Sg, ta, S)
Fig.30 Examples of mappings for an address set S,.
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shift(Sz,s) = {oy(io + ), 0y (i1 £ 5), ..., 0y (lb,—1 + 5)}.
mirror o,(is) €S, 0000000 i, 00000
mirror (Sz,ia) = Sz\{oy(ta)} U{oy(tam1 + tat1 —ia)}-
extend (0y(ia) € Se) A (ta < ia + 8 < tat1 <) A ((ta +5) —ta—1 < Gat1 — (la + 5))
bobobobOo sO0w 00000
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ooooo0do 000 sO0000000000000000000 4q-10%014 + sO
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—

(
(
( (
( (

00000000000000000 S20S0...00000000000 S, € C7v(A)
U0000000000000000 Si06i0.. 00000000000 shift(S2,s)0
shift(S3,s)0...00000000000 §,00000000000000000 S, €
C°v"(A)0000D0100000000000MO0000 S, €C(A)0000(SINS, #
MHAS:NS, #0) A...0000 S, 0000000000 S, € C¥AUOOO
(shift(S2,s) N Sy # 0) A (shift(Sz,s) NS, # ) A...0000 S, 000000000
o0oo

M(C7¥(A); S3, Szy - .) = M(C7V(A); shift(S3, s), shift(Sy, ), - ..)

000000000 0O0ooO0oo0O0 Vol.4 No.l 27-65 (Mar. 2011)

noooooooooooo1oooooo N
01 000000000 S, €P,(A000000sO00000
M(C°¥(A); Su) = M(C°¥ (A); shift(Sx, s)).
ooi1ooooooooo N
00 20000000000000000000000000000000
0000 (2)000000 20000000000
M(C7(A); Sz) = M(C7(A); (Sa\{oy(ia)}) U{oy(ia)})
= M(C?(A); Sa\{oy(ia)}) + M(C7¥(A); {oy(ia)})
—M(C?"(A); Sa\{oy(ia)}, {oy(ia)}) (7)
00000000 1000 20003000000 D:0D,0Ds00000000D;s=
M(C7(A); Sz\{oy(ia)}, {oy(ia)}) DMOOODO Sy € C7¥(A)OOOO((Sz\{oy(ia)})N
Sy # 0 A{oy(ia)}NS, #0)0000 S, 0000000000000000@MOO000
Sy € C7v(A) D000 oy(ia-1),0y(iat1)} NSy # D) A({oy(ia)} NSy #0) D000 S,
0000000000000 06 <41 < ... <ja-1 < ia <iaf1 < ... <ip,_1 <0000
((Se\{oy(ia)}) NSy # 0 A ({0y(ia)} NS, #0) 0000000 S, 0000 0y(ia_1)0
00 oy(ian) 00000000000000
Dy = M(C(A); Sa\{oy(ia)}, {oy(ia)}
= M(C?7(A);{oy(ia=1), 0y (tat1)}, {oy(ia)})
000000000 D;000000000
Dy = M(C?"(A);{oy(ia-1),0y(ia+1)}, {oy(ia)})
= M(C?"(A);{oy(ia=1)} U{oy(ia+1)}, {oy(ia)})
= M(C?"(A);{oy(ia—1)}, {oy(ia)}) + M(C7 (A);{oy(ia)}, {oy((at1)})
—M(C%"(A); {oy(ia-1)}, {oy (i)}, {oy(iav1)}) (0O (2)) (8)
0000000000 100020003000000 D4O0Ds0Ds000000000
oooo
M(C°¥(A); Sa) = Dy + Dy — (Da + Ds — Dg) (9)
oooo
0000000 (2000000 20000000000
M(C°¥ (A); mirror(Sz,ia))
= M(C?"(A); Sa\{oy(ia)} U{oy(ia—1 +ia+1 —ia)})

)
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= M(C?"(A); Sa\{oy(ia)}) + M(C7(A); {0y (la—1 + fat1 — ia)})
—M(C(A); Sa\{oy(ia)}, {0y (a1 + Ga+1 —ia)})
000000000 10002000 3000000 piOD,0D;0000000000
000 Ds000000onO
Dy = M(C"(A ); Sa\{oy(ia)}, {oy (a1 + iat1 —ia)})
= M(C%(A);{oy(ia-1),0y(ia+1)}, {oy(lam1 + iat1 _ia)})
= M(C?(A)i{oy(ia—1)} U{oy(ia+1)} {0y (fa=1 + fat1 —ia)})
= M(C?(A)i{oy(ia—1)}, {oy(la-1 +iat1 —ia)})
+M(C7(A); {oy(ia—1 +iat1 —ia)}, {Uy(laﬂ)})
—M(C7(A);{oy(ia-1)} {oy(iaz1 + iat1 —ia)}, {oy(iar1)}) (O (2))
0000000000 100020003000000 D,O0D0D;000000000
oooo

M(C°¥(A); mirror(Ssz,ia)) = D} + Dy — (D} + D§ — Dg) (10)
oooo
D:0D.0D,0Ds0 DIOD,ODOD,00000000D0D
Dy = M(C?¥(A); Sz\{oy(ia)}) = DI, (11)
Dy = A)i{oy(ia)})

M(C?"(A)
M(C% (A); shift({oy(ia)}rta—1 + tat1 — 2ia)) (00 1)
M(C7(A);{oy(la1 + iat1 —ia)})
= D’z, (12)
Dy = M(C?(A);{oy(ia-1)}, {oy(ia)})
= M(C°Y(A); shift({oy(ia—1)}, tat+1 — ia), shift({oy(ia)}iat1 —ia)) (00 1)
M(C?(A);{oy(ia-1 + iat1 — ia)}, {oy(ia+1)})
= Dy, (13)
Ds = M(C?"(A);{oy(ia)}, {oy(iar1)})
= M(C°Y(A); shift({oy(ia)}, ta—1 — ia), shift({oy(iat+1)}yia-1 —ia)) (00 1)
= M(C?(A);{oy(ia-1)}{oy(ta-1 + iat1 —ia)})
=D (14)
0000000Ds0 DgO0DOO0OO0OO0DO0OOOO

(fa—1 + tat1 —ta) —ta-1 + tat1 — (fa—1 + tat1 — ia) + la-1 — tat1

000000000 0O0ooO0oo0O0 Vol.4 No.l 27-65 (Mar. 2011)

=dat1 —da +ia = a1 +iaz1 —dag1 (.0 (4))
=n (0000 ja1 Xia 2 iap1 200 (5))
0000000 (B) 000%a-1 X la—1tiat1 —ia X lay1 20000000000
000000 tam1 R da R iaqr I00000000000000 Sy O oy(ia-1)0
0y(ia) O 0ylias1) 0 30000000008, O oy(ia1) O 0y(iact +iass —ia) O
o,(iar1)0 30000000000000000000MO000 S, €C%(A) 0000
({oylia-1)}NSy £ D)A({oy(ia)}NSy £ DAy (ias1)}NS, £0) 0000 8,000000
ooo00 S, eC(A) D000 oy(ia-1)}NSy #D)A({oyliaz1 +iat1 —ia)} NSy #
0) A ({oy(ias1)} NS, #0) 0000 S, 0000000000000
Do = M(C™(A); {0y (ia—1)}, {y (i)}, {oyias1)})
— M(C™ (A); {0y (ia 1)}, {0y lins + s — i)}, {ulins)})
_ D, (15)
gooo
0 (9)0 (10)0 (11)0 (12)0 (13)0 (14)0 (15) 0O O
M(C?¥(A); Sy) = M(C°Y(A); mirror(Sz,ia))
ooooooooooooo 2000000 A
003000000000 300000000000 (HO@®Oooo
M(C?V(A); Sa)
= M(C7(A); Sa\{oy(ia)}) + M(C7 (A); {0y (ia)})
—M(C7"(A); Sx\{oy(ia)}; {oy(ia)})
= M(C7(A); S2\{oy(ia)}) + M(C7 (A); {0y (ia)})
—(M(C?(A);{oy(ia-1)} {oy(ia)}) + M(C7 (A); {0y (ia)}, {0y (ia+1)})
—M(C?(A); {oy(ia—1)}, {oy(ia)}, {0y (tat1)})) (16)
oooooooo11000 2000 30004000 50000000 D10OD20ODs0OD4O
Ds0000
goooo20000000000Db00DOD 3bOobOOobDOobDOobDO
M(C°v (A); extend(Sz, ia, s))
= M(C?(A); Sa\{oy(ia)} U{oy(ia +5)})
= M(C7(A); Sx\{oy(ia)}) + M(C7"(A); {oy(ia +5)})
—M(C7(A); Sa\{oy (i)}, {oy(la £ 5)}) (-0 (2))
= M(C7(A); Sx\{oy(ia)}) + M(C7"(A); {0y (ia +5)})
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—M(C?(A);{oy(ia-1), 0y (iat1)}, {0y (ia + 5)})
(a1 R+ S Rdar1 200 Ga1 Ria Rdat1 X)
= M(C?"(A); Sa\{oy(ia)}) + M(C?"(A); {oy(ia + 5)})
—M(C?" (A); {oy(ia-1)} U{oy(iat1)}, {oy(ia + 5)})
= M(C?"(A); Sa\{oy(ia)}) + M(C?"(A); {oy(ia + 5)})

—(M(C7(A);{oy(ia-1)}, {oy(ia + 5)})

+M(C7(A); {oy(ia + 8)}, {0y (iat1)})

—M(C?" (A);{oy(ia-1)} {oy(ia + 8)} {oy(ias1)})) (-0 (2) (17)
000000001000 200030004000 50000000 D,0D,0D,0D,0
o ululufl

00000D,0D,0Ds0Ds0Ds0 D,OD,0DY0D, 0D, 000000000000
D\0D,0 D,O0D, 0000000

Dy = M(C?"(A); Sz\{oy(ia)}) = D1, (18)
Dy = M(C7(A); {oy(ia)}) = M(C7" (A); shift({oy(ia)}, 5))
= M(C7(A); {oy(ia + 5)}) = D3, (19)

000000000401 <ia48 <tap1 <00 fa1 Ria <ieq1 =00000000O0
(150000000

Ds = M(C7"(A); {oy(ia-1)}, {oy (ia)}, {0y (ia+1)}) (20)

= M(C?(A)i{oy(ia-1)}, {0y (ia + 5)}, {0y (ia+1)}) =
oooooo

000Ds+Ds0 D3+ D, 000000000b, #b, 000 Cp¥(A)NCy(A) =0
Y
Dooocev(4) =], ,C./ (0000000000000 800000

M(C7"(A);S:) = ) M(Cy? (A);Ss)
by =0

gobooooooobooooboooobooo

D3+ Dy
= M(CG”( Ji{oy(ia—1)}, {oy(ia)}) + M(C7V (A);{oy(ia)}, {0y (iat1)})

Y M Ao A i} 3 MCT () i) i)

by =0 by =0

000000000 0O0ooO0oo0O0 Vol.4 No.l 27-65 (Mar. 2011)

n

>~ (M7 (i oy o)} oy (i0)}) + MICT? (A): oy (i)} o (fas1)) )

by:O

D3+ D}
= (C"y( )i{oy(ia—1)} {oy(ia 4 5)}) + M(C7V(A); {oy(ia + 5)}, {oy(iat1)})
- ZM Cyr(A)i {oy(ia—1)}, {0y (ia + 5)})

by_O

+ZM

-y (M(CS; (A): {0y (ia-1)}. {0y (ia + 5)))

by =0

+ MO (A); {0y ia+ 9)} {0 (ia+1)}))

A);{oy(ia + 5)} {oy(ia+1)})

ooboooooooo

ds(by) = M(Cy! (A); {oy(ia-1)}, {oy(ia)}),
da(by) :M(C{f (A);{oy(ia)} {oy (iat1)}),
ds(by) = M(Cy! (A); {oy(ia-1)}, {0y (ia + 5)}),
di(by) = M(Cy? (A);i{oy(ia £ 9)}, {oy(iat1)})

00000Ds+Ds0 D3+ Dy00

n

Dy+Dy=» (ds(by) +da(by)), (21)
by=0

D+ Dy =Y (di(by) +di(by)) (22)
by =0

00000000000000000000 b,00<b, <nO00000000Ods(by)+da(by)
0 dj(b,) +dy(b,) 000000000000000

000ds(h,) 00000000

0i0 0 € by < ia—ia 0000000000 S, = {oy(ay),04(ay +1),...,
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oy(ay +by —1)} € C;'(A)D0 < ay < n—10000y(ia-1) 0 0y(ia) D0DOOD

000000000000000Ods(b,)=00000

0ii0 da —fa-1 < b, <n—-10000000000 S, = {oy(ay),0y(ay +1),...,

oy(ay +by —1)} € (YY" (AP0 < ay <n—10000y(ia-1) 0 0y(ia) 0000000DD

O000ay O04q — by + 1040 — by +20...0ia—1 — 10i,1 00000000000000
d3(by) = ta—1 — (la — by + 1) + 1 =by — (ia — ia1)

OO00000000<by —ia—ia1 <nO00000000000C

d3(by) = by = (ia —ia—1) =by —ia —da—1 (0 (3) (4))

oooo

0iii0 b, =n 00000000 ds(by)=10000
0000D00ds(b,)0ds(b,)0dy(b,) 00000000000000000000000
ooo

0 if 0<by <ia—ia_1

d3(by) =3 by — (ia —ia_1) if ia —ia_1 <by <n—1 (23)

1 ifby=n
0 if 0<by <ias1 —ia
da(by) =< by — (iap1 —ia) if Gag1 —ia <by <n—1 (24)

1 ifby=n

0 if 0<by < (ia +8) —da1
by — ((ia +8) —da—1) if (ia +8) —ia—1 <b, <n—1 (25)
1 ifby=n

dls(by) =

0 1f0§by Sia+1*(l’a+8)
dil(b'y) = by - (ia+1 - (la + 3)) lf ioz+1 - (Za + 5) < by S n—1 (26)

1 ifby=n

oooo
00000 (23)0(24)0(25)0(26) 0000000000000000000 b, 000

000000000 0O0ooO0oo0O0 Vol.4 No.l 27-65 (Mar. 2011)

0 00 i —ia—104a41 — ta0 (ia +8) —ta—10%as1 — (ia +s)0n 0000000000
oDooooo

0<ia—ta—1 (O000 da1 <ia =)

< (ia+8)—ta—1 (0000 ta-1 <ia <ia+58=<)

<dar1— (la +s) (-0000D0DO)

<iat1 —da (0000 da <ia+5 <dat1 <)

<n (-O000) (27)
0000000 30()0000bOo0000000o0noooooo
000D00D000ds(by)+da(by) O dsy(by)+di(by) 0000O0OL, 0000000000
00oo0bO00ooO0o0oo
0i0 0<by <ia—ta—1 0000

(da(by) + da(by)) — (ds(by) +di(by)) = (0+0) — (0+0) =0 (28)
00oo
00 4o —ta—1 <by < (la+8) —ia1 0000

(ds(by) +da(by)) — (d3(by) +di(by)) = ((by = (ia = ia=1)) +0) = (0+0) > 0 (29)
0000
Oiiid (fa +8) —ta—1 < by <iatr1 — (la +s) 0000

(dS(by) + d4(by)) - (dg(by) + dﬁl(by))
= ((by = (ia = ia-1)) +0) = ((by — ((ia + 5) — ia—1)) +0)
= ((fa +8) —ia—1) — (fa = fa—1)
= ((ia + 8) —ia) + (ia —Ga—1) — (ia —Ga—1) (. Ga1 Sia Jia+s =00 (6))
= (fa + 8) — ia
>0 (30)
oooo

OivOd ia+1f(ia+s) <by <iay1—io 0000
(dS(by) + d4(by)) - (dg(by) + dil(by))

= ((by = (fa —ia=1)) +0) = ((by = ((fa + 5) —ia—1)) + (by — (iat1 — (ia +5))))
= —by + (fa+1 — (ia + 5)) + ((fa + 5) —ia—1) = (fa — ia—1)

= —by + (tat1 —ta-1) = (la —ta-1) (" ia—1 Zia+ 8 Ziatr 200 (6))

= by + (iap1 — ia) + (ia — ia1) — (ia —ia1) (i1 = ia <ias1 <00 (6))
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= _by + (iaJrl - ia)

>0 (31)
gogo
Ovh daq1—ta<by,<n-—-10000

(dB(by) + d4(by)) - (dg(by) + dit(by))
= ((by = (ia = ta-1)) + (by = (fat1 — ia)))

—((by = ((ta £ 5) —ia—1)) + (by — (lat1 = (ia + 5))))
((atr = (ia + 8)) + ((fla + 8) —ia-1)) = ((fa+1 = ta) + (ia = ta—1))
(fat1 —ia—1) = (a1 —ia-1) (2 ia-1 Sia Sia+ 58 Jiap 2 00 (6))

=0 (32)
oooo
Ovib by =n0000
(da(by) + da (b)) — (d(by) + da(b,)) = (1+1) = (14+1) =0 (33)
oooo

0000 (21)0(22)0 (28)0 (29)0 (30)0 (31)0 (32)0(33) 0O O

D3+ D = Z (d3(by) + da(by)) > Z (ds(by) + di(by)) = D5 + Dj (34)
by =0 by =0
0000000000 (34) 000000000 >0000 >0000000 (299000
0O>00000000000 (270000 (2900006,000000 1000000
oooo*o
O (16)0 (17)0 (18)0 (19)0 (21)0 (34) 00 O
M(C%%(A); Sp) = Dy + Dy — (D3 + Dy — Ds)
< Di + Dy — (Ds+ Dy — Ds)
= M(C°Y(A); extend(Sz, ta, s))
noooooooooooos3oooooo
000000000 10002000 300000000000000000000000
004 T°={0y(0),04(1),...,04(b, —1)}000000000000000 7T°00
O000shift 000 mirror 000 extend 00 0000000000000000 P, (A)

10 (30)00 >000000000 (27) 0000 (30)0000 b, 0000000000000

000000000 0O0ooO0oo0O0 Vol.4 No.l 27-65 (Mar. 2011)

0000o0o0oo0ooooog S, e R, (A)0D000O0O0DOOOOO

00 400000000000000000S, eP,,(A)DO0DO0DO S, 0040 <141 <
o =p,—1 <0000 3040...0464,-,00000

Sz = {oy(io), oy(ir), ..., oy(in,—1)}

00000000000 30(A)MOo0ooooooo joo<j<b, —1000000
iy —ik—1 >4 —i,—1 0000000 k(0<k<b,—1)000000 100000000
00000 A0000 100 «0000000O00aOO

VjO00<j <by—10:40 —fa—1 >4 —1j-1 (35)
O0000000000000000000000000 200404, 0000000

oobooooooooooooo

ve—by—1

T T°

k0

while k£ < b, — 1 do
T — marror(T, k) /* stepl */
ve—uv+1  /*step2 */

if ia+k+l — ia+k -1 7é 0 then

T «— extend(T,v,%a+k+1 — tatk — 1) /* step3 */
endif
V= U+ latktl — batk — 1 /* stepd */
k—k+1
endwhile
T — shift(T,ia — (bs — 1)) /* stepb */

00 0000000000000 000000O00n = 40b, = 30007, =
{,(0),0,(1),0,(2)} 000000 00000000008, = {oy(1),04(3),0,(7)} O
0000000000 31 00000000004, = 104, = 30i; = 700000
do—iy > g — i 0io—izg > i1 —ig 0000D00i, =i 000000000000

0000000 OO00shift 000 mirror 000 extend 1000000000000
0000000000000D040000000000 0000000070 8,000
0000000000000000000000000

005 0000000 ADO000D000D0000O000O000D0000000000
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(2) T=mirror(T,0) (3) T=extend(T,3,1) (4) T=mirror(T,1) (5) T=extend(T,5,1) (6) T=shift(T,5)

SCOTODD

031 T° = {0y(0),0,(1),0,(2)} 000000 O 0000000008, = {oy(1),0,(3),0,(7)} 000
oooooo
Fig.31 How to derive S, = {o4(1), 04 (3),0,(7)} from T° = {5, (0),0,(1), 54(2)} by applying an
operation O.

ggoo
v = by —1+iask —ia, (36)
T = {oy(k),oy(k+1),...,04(bs —1),04(be — 1+ iat1 —ia),-.-,
0y(be — 1+ iarr —ia)}. (37)
00 s00000000000000k=0000000
v="by — 1,

T=T°={0,(0),0,(1),...,05(bs — 1)}
000000D00000000000 (36)0(37) 000000
O00KO0D00000D00O00 (36)0(37) 0000000000000k +10000
00000000 (36)0(37) 00000000000

01000 (36)00000000k00000000000000v =b, — 1+ 0tk — ia
000000000 Ostep200000000000

U =by — 1 +igsk —ia+1=by +iask —ia (-0 (4)) (38)

000000000 step4a0 0000000000

v = bz + ia+k - ia + ia+k+1 - ia+k —1= bz -1 + ia+k+1 - ia ( d (4))

00000000 k+10000000000000O00UOUDODOOO (36)D0OO0O
gooooooooobobo
02000 (370000000 0Ok0OOODOOUODOOOOOOOO
T = {oy(k),oy(k+1),...,04(bs —1),04(be — 1+ iat1 —ia),---,
Uy(bz_1+ia+k_ia)}

000000000 0OOooOoooOd Vol.4 No.l 2765 (Mar. 2011)

O0b00O00Db0o0bOO0O0OOstepl DOOODOOOOTODO

T {oy(k+1), Uy(k—|—2) coyoy(be — 1), 04(by — 1+ iat1 — ia)y---,
oy(by — 1+ otk —ta),0y(bs — 1+ iatk —ta + (k+ 1) —k)}
{oy(k+1),0,(k+2),...,05(bs — 1),0,(bs — L+ i1 — ia),.. .,

oy(bs — 1+ tatk —ta), 0y(bs + iatk — ia)} (39)

Oo0O0O0O00O0O0OD0TOOOOstep300000000000O0O00O0OOstep3 0000
oooooOoOoDoOOOD0OO0OO0 estendaD00O0OO0OOOOOOODDOOODDOOOOOOO
000000000000 extend00O00OCODOO

T = {O'y(go),ay(gl), .. -:o'y(%bm—l)} (;0 <1 <...= gbx—l <)
ogoooooo extend(T,ga,s)DDDDDDDDDD
oy(ia) €T, (40)
ga < ga +s =< za+1 =, (41)
(za + 5) - %afl S zo¢+1 - (;;oc + S) (42)

03000000000000000000000 (390000 step3 00000000
0000000 (40)0(41)0(42)0000000000000000
0390000 step30 0000000000000 (38) 00 v =by +iaik —ia
00D000000D00000000 TOia10i.0iam0s000000000
T = {oylk+1),04(k+2),...,04(bz —1),0y(be — 1 + tat1 — ia),---,
oy(be — 1+ iatk = ta), 0y(be + latk — ia)},
ta—1 = by — 14 ia4k — ta,

ta = U =by + latk — la,
fat1 = k+1,

S = Gatktl —datk — 1
00000000000000
010 0 (40)00000000000000,(v) eTO00000000 (40)000000
OI0 O (4)000000000000000000000%a4+1 — (a4 8) 0 Gat1 — ia
oooooo
tat1 — (la+s) 000000
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o1 = (o +5) = (k+1) = ((be + iask — ta) + (latkt1 — fagk — 1))
=(k+1) = (bs = 1) = (la+kt1 = Ga+k) + (lark —%a) (.0 (4))
= (k+1) = (bs = 1) = (fatht1 — ia)
(e Rdatk Ddark+1 2 00 (6))
=n+(k+1) = (be — 1) = (iatrt1 —ia) (43)

0000000000 43)UoUoooouoooouoo
n > 7’L+(k+1)*(bzfl)f(la+k+1fla) (kaI*ZDDD ia+k+17£’l.a)

> n— (latbe—1 — tatkt1) — (atkt+1 — ia)

(. fatht+1 = laght2 < ... < lagb,—1 <00
Gatby—1 = Gatkt1 > (be — 1) — (kK +1))
= n— (latbo—1 —la) (. fa X datks1 X dats,—1 2 00 (6))
= n—(iam1 —ta) (.- mod(a+ by —1,by) = mod(a — 1,bs))
= da—ta—1 (. ia—1 Zie X 00 (5))
0 (. %a #ia-1) (44)
00000000000 (3)0(43)0(44) 000

V

M =n+(k+1)— (bs — 1) — (latk+1 — ia) (45)
oDooDo
latl —ia 0000D0D
:Lra+1 — ga = (k + 1) - (b:t + Z‘oz«l»k — ZO()
=k —(bs — 1) = (fatk — ) (-0 (4))
=n+k—(be—1) = (iask — ia) (46)

0000000 (46)000 (43) 0000 k+10 k000000000000000 (44)
0000000000000000

n>n+k—(by—1) = (iask —ia) >0 (47)
0000000000 (3)0(46)0(47) 000

Gar1 —ia =n+k—(by — 1) = otk — ia) (48)

gooooo
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000000000000 (ta+8) —ta +iat1 — (fa +5) +ia —tar1 1000000

(ia +8) — ia +iat1 — (ia +8) +ia — fat1
= stiat1 —(lats)+(n—ias1 —ta) (0 @0ia Xiay <00 (5))
= (latk+1 —dark — 1)+ (n+ (k+1) = (bo — 1) — (lath+1 — ia))
+(n—(+k—(bs —1) = (fatr —ia))) (.0 (45) (48))
= ((fathtr —fark = 1) + 1) + (n = (fatrt1 — ia)) + (fatr — ia)
= ((laghtr —fatk) =1+ 1) + (la — dark+1) + (fagr — ia)
(" tatkt1 # darkDia X tatrers 200 (5))
= n (Via etk 2datktr = 00 (5)

00000000000 (5)0004a Ria+s8<iey1 00000000000 (44)0
(45) 00 ta41 #ia +s00000 (47)0(48) 00 401 #1, 100000000 OO0
000 step300000000 8= ta4kt1 —latk —1F#000000000040 #ia+s
0000000% <ia+s<ia1 <00000000000 (41)0000000000
oooo

Ol0 O (42)000000000000000000 (42)000000 (i + ) — ta-1
0oooooo

(ia +8) —ia—1 = ((bs +iatk — ia) + (latkt1 —datk — 1)) — (be — L +datr — ia)
=latktl —layr (0 (4)) (49)

O000000000000 4a41 — (a+s) 0000000 (44)0(45) 000

a1 — (la+8) =n+ (k+1) — (bo — 1) = (latht1 — fa) > o — a1 (50)

00000000000 (35)0(49)0(50) 000

(’ia + S) - ‘Zfa—l S :L:a+1 - (:L:a + 5)

00000000000 (42)00000000000000
O000IODIODMOO0000 (39) D000 step3 000000000000000
0 (40)0(41)0(42)00000000000000000

00000 (39) 0000 step3 0000000000700
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T = {oylk+1),04(k+2),...,04(bz —1),04(be — 1+ (iat1 — ia)),-- -,
oy(be = 1+ datk —1a), 0y(be +fatrk — ba +fatkt1 = latk — 1)}
= {oylk+1),04(k+2),...,04(be —1),04(bs — 1+ (iat1 — ia))s---,
oy(be — 1+ iatk —ia), 0y(be =1 +daths1 —da)} (0 (4))

O0o0oU0o0o0 k+10000000000000000O00UDOOOO 37)OoOooo
oooooooooooooooooooosoooooo B

004000000 500000 O000000000000D000TOOOOOOOO
gooook=b,—100000000O00OO0

T = {oy(be —1),0y(bs — 1+ ias1 —ia) ..., 0y(be — 1+ iasp, -1 —ia)}
00000000 bOoOoooOTO000 stepb 0000000 OOOTOO

— (be — 1)),...,

T = {oy(bs — 1 +ia — (by — 1)), 04 (bs — 1 + iag1 — ia + ia
Uy(bz -1 + ia+bm71 - ioc + ia - (bz - 1))}
={oy(ia), oy(iat1), .- oy (iars,—1)} (0 (4))

={oy(io), oy (in), ..., oy (in. 1)}
-5,

000000000000000 00000000 TO S,0000000000000
pooooo40c00000 N
0000 10002000 300040000000 200000 10002000000
000000 S, € P, (A) 000000 shift 00000 marror 0 1000000000
000000000 S,00000M(C°(A);S,) =M(C°(A);S,) 100000000
00 3000000000000 S, €P,(A)D00000 extendd 10000000
00000000000 S, 00000M(C(A);S,) > M(Cv(A);S,)0000000
00000 4000000000000 S,€P,(A)007T°0000000 skift 000
OO0 mirror 00000 extend 0000000000000 O0D0O0OOOOOOOOO
00000OM(C(A);S,) 000000 S, 0007°0000000 shit 00OODO
mirror 00 0000000000000 O0D0ODOOOOOOODOODOOOOOOOOO
OO0oo0oo0ooooo

T = {04(0),04(1), ..., 0y(bz — 2),0y(ba — 1)},

T' = {oy(1),04(2),...,0y(bx —1),0y(ba)},
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T ' ={oy(n—by +1),0y(n — by +2),...,0,(n—1),0,(0)}.
gooboooobg ng(A)DDDDDDDDDDDDDDDPIJI(A)DDDDDDDD
000000 S, € B, (A) D000M(C(A);S,) 000000 8, 0000 Cp¥(A) O
oooooooooooooooo 2000000 A
go200000000b0000b0bO0b0o0o0obD 1oL b0oOoooLobOoOo 100D
oooo
0010000000000 00b00 2000000m0O000000 zoOx10...0xm-1
goo00ob0o0ob0D ;000 o, 0000000O0O0DODO0O0OODODOOOODOODODOO
000 zyUxy,0...0x, , 0000000 2000000000 z 00000 =z
024,25 € {Tug,Tuys--.,%u, 00000000000 ¢, 0000000000000
0002, 0000000000000000000000000 E(Tug, Tuys---sTup_,) O
00000000 E(ug, Tuys- - Zuy_,) 0000000 p(E(@ugs Tuys- - Tuy_,)) OO
000000 Dp(E(xe,#1)) 000000 20000000000000000 2,000
00000000000 000000000000000p(E(ze,z1,22)) = p(E(zo, 1) A
E(w1,22) A E(z2,20)) 00000000
godoooOo2000000000000000DO00O000
O000Om=100000000000 2000000000m=2000000001
odobO 2000000
odoOmdm >20000000 2000000000000 0m+ 10000000 2
Oo0ooooooodp(E(xe,z1,-.-,2m-1,2m)) 0000000000000 OOOOO
p(E(xo, X1y, Tm—1,Tm))
= p(E(xo,z1,--,Zm-1))P(E(zo,Z1,...,Tm—-1)| (51)
(B(xm,z0) N E(Tm,z1) A ... N E(XZm,Tm—-1))) (52)
000000000000 2, 000000000000 DDO0O0DOO0D (B2)000OO
goo
P(E(xo, @1y .y Tm—1,Tm))
= p(E(zo,Z1, ..., Zm—1))P(E(Tm,20) A E(@m, 1) A ... AN E(Tm, Tm-1))
=p(E(zo,x1, -, Tm—1))p(E(Tm, 20))p(E(2m, 1)) ... p(E(Tm, Tm—1)) (53)

00000 (53)00000p(E(zo,1,...,2m1)) 000000000000000000

(© 2011 Information Processing Society of Japan



65 000000000 DOOOO0DOOOOO0DO00ODOO0O00DO PGASOOO

Od0oy=01=...=0,1 00000000000000 (53) 00000 p(E(zm,x:))
00<i<m-10000000000001006m=0;000000000000000
O (3)0000000000g=01=...=0m-1=0,00000000000000
00002000000

ooooooo20c0000000000000 N

A1.3 000000000D0O00000

0000000000000 ¢, 00200000000 820 Sl00000000mS?
0Sl00000000D00000000N ¢, 0000000000000 00D0OOO0
00000000000000000000000000000

U000 00000 yOUOODOOOOO 9000 0, 0000000000000OD0O
0000000000000 206, 000000000000000000000000
0000000 006, 0000000000000 DOO0DOOO S2e P, (A)D
0000000000000 S € P, (A 0DD0D0OO0DODOOODOOOOOOODOO0
M(C°v(A);SY) —M(C°¥(A);S,) 0000000 yO0OODODDODODOOOOOOOOD
000000*000000M(C7v(A);SY) —M(C°(A);S2) 00000000

000000000000 S, = {oy(i0),0y(i1),...,0y(ib,—1)}0d0 < i1 < ... <
iy,—1 <000000M(C(A); extend(Sz,ia,s)) — M(C?¥(A); S,) DODO0DO0ODOOO
O (16)0 (17)0 (18)0 (19)0 (21)0 (21)0 (22)0 (28)0 (29)0 (30)0 (31)T (32)0(33) OO

M(C°Y(A); extend(Sy,ia,s)) — M(CV(A); Sz)
(ta+8)—ia—1

- ¥

by=ia—ia_1+1

ia+1—(ta+s)
(b= Ga—ia))+ > (®)
by=(ia+8)—iq_141
fa41—ta

>

by=iqt1—(ia+s)+1

(=by + (tat1 —4a)) (54)

oooon
0000000000 T°000000 000000000000000000 S20
S;0000000000000000M(C(A);S2) — M(C°v(A);SE) 00

x1 0000M(CY(A);S2) — M(C°v(A);SL) 00000000000
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M(C7"(A); S3) = M(C7*(A); S,)

= (M(C7(A); 82) = M(C7(A); T°)) = (M(C7¥ (A); Sz) = M(C7¥ (A); T°))  (55)
000000 (55)00000M(C°(A);S2)—M(C¥(A);T*)0O0T° 0000 0000
0S200000000000 OO0 step3000000000 (540000000000
000D00000000000M(C7v(A);Ss)—M(C¥(A);T*)00T°0000 OO
000 S;00000000000 OO0 step3000000000 (5400000000
0000000000000000000M(C%v(A);S2)—M(C7v(A);Sz) 000000

0000000000000000000000000000
(00220 70 5000)
(00220110 18000)

0 Oooboooooo
19860002009 0000000000ODOOOO0OOOOOOO0
gboooooooooooooooooo

oo gboobgog
1986 00020090 000000000000 0OODO0OOOOODO
gboboboooooooooooooooo

goboooooboooo

196900019970 0000000000DO0O0000000M0I19960
gbooooooobooobooboboobooobooobz2010000D00O0
goboooooboooooobooooobooOoOoob20200000000
20070 000000000000 0000000ACMOIEEE-CSOO0OO
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